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1. Introduction 


Let Z be a finite nonempty set. A problem of the form “compute predicate I with 
domain DC 2*” is called a decision problem (with domain D). Here and in [10] 
we study the complexity and/or decidability of decision problems for correspond- 
ence problems [12, 20], linear and arbitrary context-free grammars (cfgs) [2, 9], 
and program schemes [7, 15]. In Section 2, preliminary material about the 
complexity of decision problems is presented. In particular, we discuss a technique 
for proving that a decision problem is of nonrecursive complexity. This technique 
enables us to 
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(1) ignore all nonterminating Turing machine (Tm) computations in proofs of 
undecidability, and 

(2) prove that a number of decidable decision problems and effective constructions 
in the literature are of nonrecursive complexity. 


Variants of this technique have been used previously to study the decidability of 
logical theories [4, 21, 22]. 

In Sections 3-5, three natural decision problems are presented; one for corre- 
spondence problems and linear cfgs, one for arbitrary cfgs, and one for program 
schemes. We use the technique of Section 2 to show that each of these three 
decision problems, although decidable, is of nonrecursive complexity. We show 
that the complexities of these three decision problems easily imply nonrecursive 
lower bounds on the complexities of wide classes of decision problems for their 
respective structures. As corollaries, a variety of new nonrecursive lower complexity 
bounds, undecidability results, and relative economy of description results are 
obtained for these structures. In addition, several decidable decision problems and 
effective procedures for these structures in the literature are shown to be of 
nonrecursive complexity. 

Section 6 is a short conclusion. 

Throughout this paper and in [10], special emphasis is placed upon decision 
problems defined in terms of binary relations. To study the complexities of classes 
of such problems, we systematically use the concept of betweenness for binary 
relations, defined in Definition 1.3. A number of lower complexity bounds that 
hold for any binary relation between two given bounding relations are presented. 
The decision problems studied here and in [10] for linear and arbitrary cfgs include 


(1) grammatical similarity relation problems, for example, problems of determin- 
ing, for a grammar G, relation p, and grammar class T, if there exists a grammar 
HET such that GpH, and 

(2) separability problems, for example, problems of determining, for grammars G 
and H and language class & if there exist disjoint languages L, and Lz in & 
such that L(G) C Lı and L(A) C L. 


The decision problems studied here for program schemes include 


(3) problems of determining, for program schemes S and T and relation p, if Sp T, 
and 

(4) problems of determining, for fixed program scheme So, program scheme S, 
and relation p, if Sp So. 


A variety of the decision problems for grammars and program schemes studied in 
the literature are of the forms of (1)-(4). 

The three decision problems of Sections 3-5, together with the technique of 
Section 2, can be used to prove a variety of nonrecursive complexity and/or 
undecidability results for decision problems, correspondence problems, linear and 
arbitrary cfgs, and program schemes, including many previously known results. 
They can also be used to prove a number of new results. We feel that several of 
these new results are of independent interest, including the following: 


(1) Each of a variety of correspondence problems, including both the Post’s 
Correspondence Problem (PCP) [20] and the partial Post’s Correspondence Prob- 
lem (p-PCP) [12], is undecidable and is undecidable for the same reason. 

(2) If T is any class of noninherently ambiguous cfgs containing all linear BC 
grammars [2], then the membership problem for T is undecidable. 
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(3) The separability problem for the linear s-grammars is undecidable for any 
set of languages © containing all generalized definite events. 

(4) There is no recursive relationship between the size of an LL, LR, or FSPA(1) 
grammar that generates an s-language and the size of any equivalent smallest LL(1) 
or LR(1) grammar. 

(5) The isomorphism and strong equivalence problems for the total program 
schemes [7, 16] and the totality, divergence, strong equivalence, and containment 
problems for the synchronous schemes [17] are of nonrecursive complexity. Each 
of these problems is known to be decidable [7, 17]. 

(6) Let SY’ be the set of program schemes with temporary variables defined in 
[16]. Let S, be any element of <’. Then the problem of determining if a program 
scheme Sin S” is strongly equivalent to S, is undecidable. 

(7) There is no recursive relationship between the size of a total program scheme 
or of a synchronous scheme and the size of any strongly equivalent free program 
scheme of minimal size. 


A number of additional new results for cfgs can be found in [10]. 

The rest of this section consists of definitions and abbreviations needed to read 
this paper. We assume that the reader is familiar with Turing machines (Tms), 
decidability, recursive sets, recursively enumerable sets (r.e. sets), context-free 
grammars and context-free languages (cfs), deterministic pushdown automata 
(dpda), and program schemes and their interpretations, otherwise see [2, 7, 9, 16]. 
We also assume that the reader is familiar with deterministic linearly time-bounded 
reducibility between languages denoted by Swn; otherwise see [1]. In what follows 
Z, A, 21, and Zz denote finite nonempty alphabets, and N and N* denote the sets 
of nonnegative and positive integers respectively. We denote the empty set by Ø, 
the empty string by A, and the size of a set S or the length of a string S by | S|. 


Definition 1.1. A function with range {True, False} is called a predicate. 


Definition 1.2. Let DCI*. Let II be a predicate with domain D. Let p be a 
binary relation on D. Then True(Il) = {x|x € D, and I(x) = True}, and True(p) 
= [x y) |x, y E D, and xpy}. 


Definition 1.3. Let DC2*. Let P, P,, and P: be predicates with domain D. Let 
o, p, and 7 be binary relations on D. We say that P is between P, and P, if and 
only if, for all x € D, Pi(x) — P(x) and P(x) — P(x). We say that o is between p 
and 7 if and only if, for all x, y E D, xp y > xo y and xo y > x7 y. 


Definition 1.4. A set LC >* is said to be a generalized definite event if and only 
if there exist finite sets F;, F2, and F; such that L = (F, - 2*. F3) U F3. 


Definition 1.5. Let Li, LC D*. We say that L, and L, are generalized definite 
event separable, regularly separable, recursively separable, or r.e. separable if and 
only if there exist disjoint generalized definite events, regular sets, recursive sets, or 
r.e. sets R; and Ro, respectively, such that 


LıCRı and LCR 


Definition 1.6. Let |È | = 2. An instance (over Z) I equals (4, ..-, Xk Yis -- +> 
yx), Where k E€ N* and x, ..., Xx, Yı, -.., Ye are finite nonempty strings over 2. 
We denote the set of all instances 7 over 2 by 7 [2]. A correspondence problem 
(CP) (over È) is a predicate with domain Z [2]. We define the CPs as PCP [20] 
and p-PCP [12] by, for all I = (xı, .-., x6 Yi, ---> y) E Z [F], 
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(1) PCP() = True if and only if there exist integers 4, ..., in E {1, ..., k} 
(m = 1) such that xa- --- + i, = Vis e + Vig and 

(2) p-PCP(/) = True if and only if, for all integers n > 0, there exist integers 
i, ...5 In © fl, ..., k} such that the first n letters of the strings x, - --- - 
xX, and yi, © ++- + Ya, are equal. 


Definition 1.7. A cfg G is a 4-tuple (V, =, P, S) where V and © are disjoint 
nonempty sets of nonterminals and terminals, respectively, P C V x (VU 2)* isa 
finite set of productions, and S is the start symbol. A cfg G is said to be a linear cfg 
if at most one nonterminal appears on the right-hand side of any of its productions, 
A cfg G is said to be an s-grammar if, for all productions A > w in P, w E È. 
(VU X)*, and, for all A E€ F and b €E Z, there is at most one production of the 
form A — b. w in P. The size of a cfg G, denoted by |G}, equals the sum of |A- 
w| taken over all productions 4 — w of G. We use —* to mean derives via a 
sequence of zero or more steps. 


Definition 1.8. A cfg G is said to be 


(1) ambiguous if and only if some string x in L(G) has two distinct derivation 
trees, 

(2) tree ambiguous if and only if some string x in L(G) has two derivation trees 
that are distinct even when the labels of all vertices other than leaves are 
deleted, 

(3) inherently ambiguous if and only if every equivalent cfg is ambiguous, and 

(4) inherently tree ambiguous if and only if every equivalent cfg is tree ambiguous. 


The definitions of the classes of BC, BRC, LL, and LR grammars can be found 
in [2]. The definition of the class of strict deterministic grammars can be found in 


[8]. 


Definition 1.9. A binary relation p on a set of grammars is said to preserve 
languages if and only if, for all grammars G and H, if Gp H, then L(G) = LA). It 
is said to preserve tree ambiguity or to preserve inherent tree ambiguity if and only 
if, for all grammars G and H, if Gp H and G is tree ambiguous or G is inherently 
tree ambiguous, then Hf is tree ambiguous or H is inherently tree ambiguous, 
respectively. 


It is known that a cfg is inherently tree ambiguous if and only if it is inherently 
ambiguous [11]. Thus, any binary relation on the cfgs that preserves languages, 
also preserves inherent tree ambiguity. 

In Section 3 and in [10], we consider a variety of grammatical similarity relation 
problems for the linear and arbitrary cfgs. General sufficient conditions are pre- 
sented for the undecidability of such problems. Relations satisfying these sufficient 
conditions include the relations p on the linear or arbitrary cfgs defined, for all 
grammars G and H, by GpH if and only if 


(1) G equals H, 

(2) G is equivalent to H, that is, L(G) = L(A), 
(3) G is structurally equivalent to H [19], 

(4) G is left (right) covered by H [6], 

(5) G is isomorphic to H [6], 

(6) G is structurally contained by H [19], 

(7) G is Reynolds covered by H [6], and 

(8) there is homomorphism from G to H [6]. 
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Definition 1.10. The size of a 1-way or 2-way dpda M, with tape alphabet S, 
stack alphabet 7, and state set Q is | S| x |T| x | QI. 


Definition 1.11. Let x be a string, and let L be a language. Then the left quotient 
of L with respect to x, denoted by x\L, is the set { y| y is a string, and x- y E€ L}. 


The multihead automata discussed in Section 5 are defined as in [15]. They are 
l-way multihead, single-tape, deterministic finite automata that are considered to 
operate on infinite sequences over their tape alphabets. An automaton with tape 
alphabet {0, 1} is said to be binary. The set Q of states of a multihead automaton 
is partitioned into a set Q, of live states and a set Q4 of dead states. The designated 
accepting state a is an element of Qa. For each input three possibilities are 
distinguished: 


(1) If the state a is reached, the input is accepted. 
(2) If any other dead state is reached, the input is rejected. 
(3) Otherwise, the automaton is said to diverge on the input. 


Definition 1.12. A program scheme S is total if, for all interpretations J, the 
computation of S under 7 halts. $ is divergent if, for all interpretations J, the 
computation of S under J does not halt. S is nondivergent if it is not divergent. S 
is finitely divergent if it is total or if the computation of S under J does not halt for 
some interpretation J with finite domain. The size of a program scheme S, denoted 
by | S|, is the number of statements appearing in S. 


The lengthy formal definition of the set of synchronous schemes appears in [17] 
and is not presented here. It is known that, for all total program schemes S, there 
exists an integer k > Q such that, for all interpretations J, the computation of S 
under J halts after at most k steps [7]. This easily implies that each total program 
scheme is a synchronous scheme. 


Definition 1.13. We define the binary relations =',., =, =, C, =, and o on the 
set of program schemes as follows: 


(1) S= T if and only if, for all interpretations 7, the computations of S and of T 
under J are identical including all labels. 

(2) S- T if and only if, for all interpretations Z, the computations of S and of T 
under J are identical except possibly for labels. 

(3) S = T if and only if, for all interpretations J, either both of the computations 
of S and of T under J diverge or they both halt with the same values for their 
designated output variables. 

(4) S=, T if and only if the schemes S and T are total and are strongly equivalent. 

(5) SC T if and only if, for all interpretations J for which the computation of S 
under J halts, the computation of T under / halts with the same values for their 
designated output variables. 

(6) S = T if and only if, for all interpretations 7 for which the computations of S 
and T both halt, the values of the designated output variables of S and of T 
upon termination are equal. 

(7) S o T if and only if every function symbol and predicate symbol in T also 
appears in S. 


If S= T, S. T, S = T, S = T, SC T, or S= T, we say that $ is computationally 
identical to, isomorphic to, strongly equivalent to, totally equivalent to, contained 
by, or weakly equivalent to T, respectively. 
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2. The Complexity of Decision Problems 


In this section, we present the precise definitions of the complexity and decidability 
of decision problems used in this paper. We also discuss a technique for proving 
that a decision problem is of nonrecursive complexity. As used here and in [10], 
this technique involves efficient reducibility between decision problems. It is based 
upon the relationship between recursively time-bounded decision problems and 
recursively separable sets given in Proposition 2.5. 


2.1. Basic DEFINITIONS. Decision problems are often formulated in terms of 
language recognition problems [1] as follows. Let I be a predicate with domain 
DC>*. The problem of computing the predicate II is equated to the problem of 
recognizing the language True(I1); and the complexity of computing II is defined 
to be the complexity of recognizing the language True(I1). One major problem 
with this definition is that it does not differentiate between the complexity of 
computing the predicate II and the complexity of recognizing the language D. 
For example, let p be any reflexive binary relation on a set DC D*. Then, for all 
x€ &*, xE Dif and only if (x, x) € True(p). Thus, for any such binary relation p 
and set D. 


D Sin True(p). 


Hence, the computation of p is intuitively always as hard as the recognition of D. 
Moreover, this follows from pairs (x, x) for which the relation p is trivial. 

To rectify this anomaly, we use alternative natural definitions (Definitions 2.2 
and 2.3) of the complexity and decidability of decision problems. These definitions 
obviously differentiate between the complexity of computing the predicate II and 
the complexity of recognizing the set D. These definitions are those tacitly assumed 
in much of the technical literature, especially when dealing with decision procedures 
for decision problems with nonrecursive domains. 


Definition 2.1. Let LCDC*. The decision problem of L with respect to D, 
denoted by [Z; D] is the problem of computing the predicate Cz,» with domain D 
defined by 


for all x E D, Cr o{x) = True, if x E L, and Cz,(x) = False, if x € L. 
Definition 2.2. Let LC DC &*. 
(1) We say that a deterministic Tm M decides the decision problem [L; D] if 
and only if, for all x € D, M with input x halts with output Cr p(x). 
(2) We say that the decision problem [L; D] is decidable if and only if there 


exists a deterministic Tm that decides it. Otherwise, we say that the decision 
problem [L; D} is undecidable. 


Definition 2.3. Let LC DC =*. 


(1) Let M be a deterministic Tm that decides the decision problem [L; D]. We 
define the run time of M (while deciding [L; DÌ} to be the partial function t% from 
N to N defined by, for all n € N, 


t(n) is undefined, if D N =” = Ø, and is the maximum of the run times of 
M on inputs x E D N Z”, otherwise. 


(2) We say that the decision problem [Z; D] is recursively time-bounded if and 
only if, there exists a recursive function ¢ from N to N and a deterministic Tm M 
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that decides the decision problem [Z; D] such that 
h(n) = tn), 


for all n € N for which ¢;7(7) is defined. 
(3) If a decision problem [Z; D} is not recursively time-bounded, we say that it 
is of nonrecursive complexity. 


The next definition extends efficient reducibility between sets [1] to efficient 
reducibility between decision problems, when the computational complexity and 
decidability of decision problems are defined by Definitions 2.1-2.3. 


Definition 2.4. Let L, C DiC St. Let LLC D.C >. 


(1) Let f be a function from =f to £$. We say that the decision problem 
[L1; Dı} is freducible to the decision problem [L2; D2], denoted by [Z1; Di] =; 
{L2; D2], if and only if 


(i) AD) C Do, and 
(ii) for all x E€ D,, x E L, if and only if f(x) € L2. 


(2) We say that the decision problem [Z,; D,] is recursively reducible to the 
decision problem [L2; D2], denoted by [L1; Di] Sree [L2; D2], if and only if there 
exists a recursive function f from Zf to ZF such that [Z1; Di] £; [Lz D2]. 


2.2 RECURSIVE SEPARABILITY, R.E. SEPARABILITY, AND COMPLEXITY. We dis- 
cuss a technique for proving that a decision problem is of nonrecursive computa- 
tional complexity. In Proposition 2.5, the relationships between decidable decision 
problems and r.e. separable sets and between recursively time-bounded decision 
problems and recursively separable sets are presented. In Proposition 2.6, the 
decision problem [4; £), defined below, is shown to be decidable but not to be 
recursively time-bounded. Finally, in Proposition 2.7, we observe that any decision 
problem [L; D] to which the decision problem (7; 4] is recursively reducible is 
also not recursively time-bounded. Proposition 2.7 provides the technique for 
proving that a decision problem is of nonrecursive complexity used in Sections 3- 
5, and in [10]. 


PROPOSITION 2.5. Let LC DC  *. 


(1) The decision problem [L; D] is decidable if and only if the sets L and 
D — L are r.e. separable. 

(2) The decision problem [L; D] is recursively time-bounded if and only if the 
sets L and D — L are recursively separable. 


Proor. The proof of (1) is easy and is left to the reader. 


PROOF OF (2). Suppose the decision problem [L; D) is recursively time-bounded. 
Then by definition there exists a recursive function ¢ from N to N and a determi- 
nistic Tm M such that M, given input x € D, halts in no more than t (jx) steps 
with output “True,” if x E€ L, and with output “False,” if x € L. Let M’ be the 
deterministic Tm that operates as follows—For all x E =*, 


(i) M calculates £(| x}); 
(ii) M’ runs M on x for «(| x|) steps; and 
(iii) if M halts during (ii), Af’ outputs the output of M on x. 
Otherwise, M’ outputs “True.” 
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Let 4 = {x € D*|M’ outputs “True” on input x}. Let B = {x € 2*| M’ outputs 
“False” on input x}. Then, the sets 4 and B are recursive, disjoint, and L C A and 
D-LCB. 

The remainder of the proof of (2) is also easy and is left to the reader. O 


PROPOSITION 2.6. Let the languages &@ and 4 be defined by 


(1) & = {x-#-(M) |x € {0, 1}*, and (M) is the code of a deterministic single tape 
Tm M with input alphabet {0, 1} that halts on input x} and 
(2) A = {x-#-(M) |x-#:(M) E & and M accepts x}. 


Then the decision problem [ 4; @] is decidable but is not recursively time- 
bounded. 


Proor. The proof that the decision problem [ 4; &] is decidable (in the sense 
of Definition 2.2) is obvious. By (2) of Proposition 2.5 to prove that the decision 
problem [.4#; &’] is not recursively time-bounded, we need only show that the sets 
Mand &— Kare not recursively separable. But this follows easily from the proof 
of Theorem XII in [21, Chapter 7] where it is shown that the sets 4o = {i| the ith 
Tm on input i halts with output 0} and Bo = {i|the ith Tm on input / halts with 
output 1} are not recursively separable. O 


PROPOSITION 2.7. Lets and 4 be as defined in Proposition 2.6. Let È, be the 
smallest finite alphabet such that @ C Xt. Let L C D C Sf. If there exists a 
recursive function f from Zt to =* such that (4; £) sy [L; D), then the decision 
problem |L; D) is not recursively time-bounded. If in addition the set D is a recursive 
set, then the decision problem [L; D] is undecidable. 


PROOF. Suppose that [-4; &] <,[L; D] where f is a recursive function. Then, 
the decision problem [L; D] is recursively time-bounded only if the decision 
problem [-4; 4 ] is recursively time-bounded, a contradiction. Finally, if the set D 
is recursive, then the decision problem [Z; D] is decidable if and only if it is 
recursively time-bounded. O 


3. Correspondence Problems and Linear CFGs 


We present a natural subproblem of both the PCPs and the p-PCPs and prove that 
it is of nonrecursive complexity. We use Proposition 2.7 to show that its complexity 
provides a lower bound on the complexities of a variety of correspondence problems 
and of a variety of decision problems for the linear cfgs. Results obtained include 
the following. 


(1) Each correspondence problem between the PCP and the p-PCP is undecid- 
able for the same reason. 

(2) The membership problem is undecidable, for any class T of noninherently 
ambiguous cfgs including all linear BC grammars. 

(3) The problems of determining if the languages generated by two linear s- 
grammars are generalized definite event separable or are regularly separable are 
undecidable. 


THEOREM 3.1. Let |Z} = 2. Let 4 by] = [|I E€ F [2], and PCP) = True or 
p-PCP() = False}. Let £ = {II € F [2], and PCP) = True}. Then the decision 
problem [Z ; F [Z] is not recursively time-bounded. Equivalently, the languages 
Sand F [Z| — & are not recursively separable. 
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Proor. As shown in [9, Proof of Theorem 14.1], for all deterministic single- 
tape Tms M and inputs x € {0, 1}* to M, an instance I[M, x] can be constructed 
effectively such that 


(1) if M halts and accepts x then PCP(Z[M, x]) = True, 

(2) if M halts and rejects x then p-PCP(/[M, x]) = False, and 

(3) if M fails 10 halt on x then PCP(Z[M, x]) = False, but 
p-PCP(U[M, x]) = True. 


By standard encoding arguments we can assume that J[M, x] € 7 [2]. Thus, for 
all x-#-(M) E & either PCP(I[M, x]) = True or p-PCP(/[M, x]) = False. Thus, 
for all x-#-(M) E€ & I[M, x] E Z [Z]. Moreover, PCP(Z[M, x]) = True if and 
only if x-#-(M) © Æ. Thus there exists a recursive function f such that [4; < ] 
ss [X ; *[2]]. Hence by Propositions 2.5 and 2.7, the decision problem [&; 
Ed [2]] is not recursively time-bounded and, equivalently, the languages &’ and 
[2] — & are not recursively separable. O 


One immediate corollary is the following. 


COROLLARY 3.2. Let |Z| = 2. Let C by any CP over È between PCP and p- 
PCP. Then the CP C is undecidable. 


Proor. By Proposition 2.7 and Theorem 3.1, no such CP C is recursively time- 
bounded. Thus since the set Z [F] is recursive, no such CP C is decidable. O 


Additional corollaries imply the undecidability of a variety of decision problems 
for the linear cfgs. 


THEOREM 3.3. Let p be any reflexive binary relation on the set of linear cfes 
such that, for all linear cfgs G and H, if G p H and G is inherently tree ambiguous, 
then H is inherently tree ambiguous (or H is tree ambiguous). Let T be any set of 
linear cfgs containing all linear BC cfgs and containing no inherently ambiguous 
cfgs (or containing no tree ambiguous cfgs). Then it is undecidable, for a linear cfg 
G, if there exists a linear cfg H ET such that G p H. 


. PROOF. Let |2| 2 2. For all instances J = (xı, ..., X Vi, .--, Yk) over B in 
Z [2], let G = (V, 2’, P, S) where V = {S, A, B, Sı, A’, B’, So}, I! = DU {1 2, 
...,k, a, b, c, #, $}, and the productions P of G; are 


(1) S—= a- A-$, S >a. A'-c-$; 

(2) A > a-A, A => b- B-C; 

(3) B> b-B-¢c, B> !-S1-Xp ... , B > k-Si -Xg 

(4) Si = 1-8, -X1, ET Sı = k-si -Xr Si >#; 

(5) A’ > a-A’-c, A’ BB’; 

(6) BY => b-B’, B’ => 1-So-1,..., BY — k- S2- Yi and 
(7) S > 1-82- Vi, Beas So — k- S2- Yk, S: —> #. 


We claim that there exists a linear cfg H € T such that G; p H if and only if 
PCP(/) = False. (Note: This claim is not necessarily true if J € 7 [2].) 

Suppose PCP(/) = False. Then since J € _¥ [È], p-PCP(/) = False. Thus there 
exists an integer % = 1 such that, for all finite sequences (i, ..., im) of integers 
in {1, ..., k} with m = ro, the first no letters of the strings Xy. --- -x;,, and 
Yur ++ Vi, are unequal. Thus, for all strings w’ = a'b -im +++ -i-#-wee®$ in 
L(G) where m = m, the last np characters of im- ---- i, and the first zo characters 
of w suffice to determine which of the productions S, — # or S2 — # was used in 
derivation of w’ by Gz. Thus by inspection the linear cfg Gr is a BC(%, no) gram- 


308 H. B. HUNT Ill 


mar. Hence, since the relation p is reflexive by assumption, there exists a linear cfg 
H ET such that G; p H, mainly Gz itself. 

If PCP(7) = True, then rk Sek a ranae (in... + bn) of tegens > {l,. 

k} such that x, +--+ -x, Let x= im oe dy BX +e Then 
L(G) N falt- {b}*. {x}. i. 18} = fa" in x-e™.$[n, mz ilpuU fa". bm.) x $in, 
m = 1}, which is an inherently ambiguous cfl. Thus since the noninherently 
ambiguous cfls are closed under intersection with the regular sets, the cfl L(G;) is 
inherently ambiguous, equivalently, inherently tree ambiguous. Hence, by assump- 
tion for all linear cfgs H, if G; p H then H is inherently tree ambiguous (or H is 
tree ambiguous). Thus, H € T. 

Finally, the set of linear cfgs is a recursive set. Thus, if the problem of determining 
for a linear cfg G, if there exists a cfg H € T such that G p H was decidable, ther 
the decision problem [ ; 7 [2] would be recursively time-bounded, contradict- 
ing Theorem 3.1. O 


Many of the relations p and grammar classes T in the literature satisfy the 
conditions of Theorem 3.3 including the relations 1 through 8 of Section 1 and the 
classes of linear BC, BRC, LR, BCP [23], LR-regular [3], and unambiguou: 
grammars. 


THEOREM 3.4. Let pı and pı be the binary relations on the set of linear s 
grammars defined by, for all linear s-grammars G and H, 


(1) G pı H if and only if the languages L(G) and L(G) are generalized definite 
event separable and 
(2) G m H if and only if the language L(G) N UH) is a cfl. 


Let p be any binary relation on the set of linear s-grammars between pı and pz 
Then it is undecidable, for linear s-grammars G and H, if G p H. 


Proor. It suffices to show that no such problem is recursively time-bounded. 
Let p be any binary relation between pı and p2. Let | Z| = 2. For all instances, 7 = 
(M1, -eeo XK Vis «+, Ve) in F [2], let G; = (V, Z’, P, S) and H; = (V, 3, Q, S, 
where V = (S, T, A, B}, V’ = {S, T', A’, B’), I'= 2U {1,...,k, a, bG 4, Pis 
S17 xt, 2.2, S k T- xB’, To 1 TX, T> kT, T= t¢.a A. 
ct, A > aAc, A > ¢-B, B — b-B, B > ¢} and Q is {[S—>1-T’- 
ye, ..-, S> kT yp, T 1T oy i, 2.2, T >k T yE, T a ea A’ 
A’ —a-A’, A’ > ¢-b-B’-c-¢, B’ + b-B’-c, B’ > ch. 


Clearly, the cfgs G; and H; are linear s-grammars, L(G) = fi «++ -i,-¢-a"-¢- 
BGG x oe KA, EE {1,..., k), and n, m2 1} and L(A)) = {i;- 
be Gane BME. Epps o VR Lh, ...,4E {l,..., k), and n, m= 1}. 


Then Gz pı H; if PCP(Z) = False and ~(Gi p2 H;) if PCP j= True. (This is noi 
true if T € Y [3].) Thus, for all Je F [Z], G: p H; if and only if PCP() = False. 
Hence by Proposition 2.7 and Theorem 3.1, no such problem is recursively time- 
bounded. Thus, no such problem is decidable. O 


The separability concept was introduced in [3] in order to circumvent the 
undecidability of the emptiness of intersection problem for the cfgs. Theorem 3.5 
suggests the limitations of this concept. It implies that the separability problem for 
the linear s-grammars is undecidable for any set of languages & containing all 
generalized definite events, for example, © equal to the generalized definite events. 
the regular sets, or the linear s-languages. It shows that each such problem is 
undecidable for the same reason that the emptiness of intersection problem for the 
linear s-grammars is undecidable. 
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Finally, Proposition 2.7 and Theorem 3.1 can be used to prove undecidability 
results for decision problems for proper subclasses of the linear efgs. One example 
is the following: 


PROPOSITION 3.5. Jt is undecidable if the languages generated by two linear 
s-grammars, that generate disjoint languages, are regularly separable. 


Proof. The proposition follows by an easy modification of the proof of 
Theorem 3.4 noting that the languages {a"b"|n = 1} and {a"b?"{n = 1} are not 
regularly separable. O 


4, s-Grammars and CFGs 


Here and in [10] we present three basic facts about the complexity of s-grammars 
and s-languages. These three facts imply and extend much of what was previously 
known about the undecidability of decision problems for the cfgs. A variety of 
applications of these facts to grammatical similarity relation problems and separa- 
bility problems for arbitrary cfgs can be found in [10]. Here, we briefly sketch 
several additional applications. We show that these facts can be used to prove 
undecidability and/or nonrecursive complexity results for various proper subclasses 
of the cfgs including the LL, LR, and LR-regular grammars. We also show that 
these facts imply several relative economy-of-description results extending the 
results in [24]. One of these results yields an additional theoretical advantage of 
the noncanonical parsing techniques of Szymanski and Williams [23] over the 
LR(1) parsing technique. 

THEOREM 4.1 

(1) The emptiness of intersection problem for pairs of s-grammars that generate 
languages without arbitrarily long common prefixes is decidable but is not recur- 
sively time-bounded. 

(2) For all recursive functions f: N — N, there exists a pair (G, H) of s- 
grammars that generate languages without arbitrarily long common prefixes such 
that L(G) O L(A) + Ø but such that f(|G| + | H|)< |x|, for all x € L(G) O LH). 

(3) For all pairs (G, H) of s-grammars that generate languages without arbi- 
trarily long common prefixes, the language L(G).{4} U L(H)-{4} is also an s- 
language, where 4 is an endmarker. 


A detailed proof of Theorem 4.1 can be found in [10]. Here, we only briefly 
sketch the proof of 3. 


Proor oF 3. Let G = (M, 2, P, S) and H = (N, 2B, Q, T) be s-grammars 
that generate languages without arbitrarily long common prefixes such that 
M N N = Ø. Without loss of generality, we assume that both grammars G and H 
are reduced and that exactly one terminal symbol appears in the right-hand side of 
a production in P or in Q. The idea is to construct an s-grammar ¥[G, H] that 
simultaneously simulates leftmost derivations of G and of H until the prefix 
generated uniquely determines which grammar must generate the string or until 
the endmarker 4 is generated. This is possible because the languages Z(G) and 
L{H) do not have arbitrarily long common prefixes. O 


PROPOSITION 4.2. The problems of determining if an LL or LR grammar 
generates an s-language, a strict deterministic language, or an LR(O) language 
(using the definition in [5]) are of nonrecursive complexity. 


Proor. The proof depends upon the following known properties of the s- 
languages, strict deterministic languages, and LR(0) languages. 
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(1) Each s-language L is prefix free; for example, for all x, y € L if x = y-z 
then z = df2]. 

(2) The classes of strict deterministic languages and of prefix-free deterministic 
languages are identical [5]. 

(3) A cfl £ is an LR(O) language using the definition in [5] if and only if there 
exist strict deterministic languages Z, and L, such that L = L,- L$. 


Let G = (M, Z, P, S) and H = (N, 2, Q, T) be s-grammars that generate languages 
without arbitrarily long common prefixes such that M N N = Ø. Let B and ¢ be 
new symbols not in M U NU 2%. Let ¥[G, H] = (V, A, Il, B) where 


Gi) V= MUNU [B}; 
(i) A = DU f¢}; and 
(iii) I= PUQU{B—S.¢, Bo T.¢-¢}. 


Then the cfg ¥[G, H] is strong LL(k) [2] for any k greater than 1 plus the length 
of a longest common prefix of L(G) and of L(H). Thus ¥[G, H] is an LL and LR 
grammar. We claim that L(¥ [G, H]) is an s-language if L(G) N L(A) = Ø, and 
that L(¥ [G, H]) is not an LR(O) language if L(G) N L(A) # Ø. 

The proof that LU ¥ [G, H]) is an s-language if L(G) N L(H) = © closely follows 
the proof of 3 of Theorem 4.1 and is not presented here. Suppose that L(G) N 
L(A) + Ø but that L( F [G, H]) is an LR(O) language. Then as observed above 
there exist strict deterministic languages Lı and L, such that L(¥[G, H) = Li» 
Lž. Since L(G) N L(A) + Ø, there exists a string x € 2* such that the strings x-¢ 
and x-¢-¢ are elements of L(¥[G, H]). Thus the language L(¥[G, H]) is not 
prefix free. But L; = {A}, since any nonempty string in Lz must end in ¢ and no 
string in L(Y [G, H]) has more than two occurrences of ¢. Thus L(4[G, H]) = 
L,, where by assumption L, is a strict deterministic language and, thus, is prefix 
free. But this is impossible. 

Thus, by 1 of Theorem 4.1, the problems of determining if an LL or LR grammar 
generates an s-language, strict deterministic language, or LR(0) language are not 
recursively time-bounded. O 


Since the problem of determining if an LR grammar generates a strict determinis- 
tic language is decidable [5], Proposition 5.2 yields an example of a natural 
decidable problem for the LR grammars that is provably of nonrecursive complex- 
ity. In addition, since the equivalence problem for the LR grammars is decidable 
if and only if the problem of determining if an LR grammar generates an LR(O) 
language is decidable [5], Proposition 5.2 suggests that the equivalence problem 
for LR grammars, even if decidable, may be of nonrecursive complexity. Construc- 
tions similar to that of the proof of Proposition 5.2 can be used to prove analogous 
undecidability results for other proper subclasses of the cfgs studied in the literature 
including the LR-regular, FSPA(1) [23], LR(1, œ) [23], and unambiguous gram- 
mars. For example, it is undecidable if an LR-regular, FSPA(1), LR(1, œ), or 
unambiguous grammar is, is equivalent to, is structurally equivalent to, is left 
covered by, or is right covered by an LR grammar. 

Theorem 4.1, together with the next lemma from [24], also implies several 
relative economy-of-description results that extend the result in [24] that there is 
no recursive relationship between the size of an LR grammar and the size of any 
equivalent LR(1) grammar of minimal size. We show that no recursive relationship 
exists even when the LR grammar is known a priori to be an LL grammar and to 
generate an s-language. 
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LEMMA 4.3, There exists a positive constant k such that if, for some.1-way dgda 
M with q states and t stack symbols, a is the shortest string such that bath a. «a and 
a:b are in LM), then 


q-t = (log |a|)*. 


PROPOSITION 4.4. For all recursive functions f from N to N, there exists a strong 
LL grammar G, and an FSPA(1) grammar Gz, both generating s-languages, such 
that, for all equivalent \-way dpda, s-grammars, LL(1) grammars, or LR(1) 
grammars H, and Ho, respectively, ‘ 


AUG |) = (Ail and fG) = | Aa}. 


PROOF. The proof is closely related to the proof of Proposition 4.2. Let G = 
(M, 2, P, S) and H = (N, 2, Q, T) be s-grammars that generate languages without 
arbitrarily long common prefixes such that M N N = Ø. Let B, a, and b be distinct 
symbols not in MU NU 2. 

Let ¥,[G, H) = (V, A, IL, B) where 


ü V=MUNU {B}; 
(ii) A = U {a, b}; and 
Gii) T= PU QU {B > S-a, B> T-b}. 


Then, the cfg ¥ \[G, H] is strong LL(x) for any k greater than the length of the 
longest common prefix of L(G) and of L(A), and the language L(A,[G, H]) is an 
s-language. Moreover by inspection, 


(iv) there exists a constant c independent of G and H such that 
| 2 iG, A]| sc-(1G| + | A), and 
(v) L(Y IG, H]) = L(G): {a} U UH). {b}. 


For any string a such that both a.a and a-b are elements of L(A[G, H)), æ is 
an element of L(G) N L(H). But by 2 of Theorem 4.1, in general, there is no 
recursive function f from N to N such that 


lal <fUG} + HI). 


Hence by (iv) and by Lemma 4.3, in general, there is no recursive function f from 
N to N such that 


[MI <A S (G, HII), 


where M is a l-way dpda that recognizes L( ¥ ,[G, H]). 

Since there are well-known recursively time-bounded procedures for converting 
s-grammars, LL(1) grammars and LR(1) grammars into equivalent I-way dpda, 
no such recursive function f exists when M is an s-grammar, LL(1) grammar, or 
LR(1) grammar. 

The proof for the FSPA(1) grammars follows by a similar argument noting the 
following. In [23], a polynomially time-bounded procedure is presented that, given 
two LR(1) grammars G’ and H’ such that the languages L(G’) and L(H’) are 
regularly separable, constructs an FSPA(1) grammar ¥ such that 


(vi) L(Y) = L(G’) U L(A’) and 
(vii) there exists a constant c independent of G’ and of H’ such that 
[¥]se((G’|+]A’|. O 
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Proposition 4.5. For all recursive functions f from N to N, there exists a 2- 
way dpda M that accepts an s-language and that, for all inputs, makes at most two 
reversals on its input tape such that, for any equivalent 1-way dpda N, f(\|M|) £ 
IN}. 


ProoFr. The proof of this proposition follows immediately from the proof of 
Proposition 4.4 noting that the strong LL grammar ¥ ,[G, H] is recognized by 
such a 2-way dpda of size polynomial in |G| +H}. D 


We conclude this section by noting two interesting implications of Proposition 
4.4. First, Proposition 4.4 yields an additional theoretical advantage of the FSPA(1) 
technique of [23] over the LR(1) parsing technique. The FPSA(1) grammars not 
only generate a larger family of languages than the LR(1) grammars but also can 
generate deterministic cfls arbitrarily more succinctly. This is true even if the 
FSPA(1) grammar generates an s-language. Second, Mackunas [18] has shown that 
every LR grammar is right covered by an LR(1) grammar. Since right covering is 
a language preserving relation, Proposition 4.4 shows one theoretical “catch” to 
Mackunas’ result. In general, there is no recursive relationship between the size of 
an LR grammar and the size of a smallest right-covering LR(1) grammar. The 
proof of Theorem 5.3 in [10], together with 2 and 3 of Theorem 4.1, implies a 
similar observation for LL grammars and left covering. In general, there is no 
recursive relationship between the size of an LL grammar that is left covered by 
an LL(1) grammar and the size of any smallest left covering LL(1) grammar. 


5. Program Schemes 


We use Proposition 2.7 and constructions in [15} to prove that the executability 
problem (defined below) for the total program schemes is decidable but is not 
recursively time-bounded. This directly implies the undecidability and/or nonre- 
cursive complexity of decision problems for various classes of program schemes, 
including the total program schemes [7, 15], finitely divergent schemes [14], 
synchronous schemes [17], arbitrary program schemes [7, 15], and program 
schemes with temporary variables [16]. Many previously known undecidability 
results and several new undecidability and/or nonrecursive complexity results 
follow. New results include 


(1) Several decidable decision problems and effective procedures in the tech- 
nical literature for the total program schemes, finitely divergent schemes, and 
synchronous schemes are of nonrecursive complexity. 

(2) Letting % ’ be the set of program schemes with temporary variables [16], 
for any fixed So E X ’, it is undecidable, for $ E S ’, if S is strongly equivalent 
to So. 


Definition 5.1 

(1) Let of be a set of multihead automata. The executability problem for of 
is the problem of determining, for an automaton M € æ and a state s of M, if 
there exists an input x of M such that the automaton M enters state s during its 
computation on x. If such an input x exists, the state s is said to be executable. We 
denote the set of all automata M in <2 for which the state s is executable by 
Exed £ s). 

(2) Let Z bea set of program schemes. The executability problem for ¥ is 
the problem of determining, for a scheme SE Z and a label 4 appearing in S, if 
there exists an interpretation J of S such that the statement of S labeled by A is 
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executed during the computation of S under 7. If such an interpretation 7 
exists, the statement labeled by A is said to be executable. We denote the set of all 
program schemes Sin Z for which the statement of S labeled by A is executable by 
Exec( £ A). 


PROPOSITION 5.2. Let Z = {A|A is a binary 2-head automaton with exactly 
one designated accepting state a for which there exists a positive integer k such that, 
for all inputs w to A, A enters a designated dead state of A after scanning at most 
the first k characters of w with its tape heads}. Then, the decision problem 
[Exed Z, ay, L£ | is not recursively time-bounded. Equivalently, the languages 
Exed% , a) and 2f-Exec(@, a) are not recursively separable. 


Proor. By Propositions 2.5 and 2.7, it suffices to show that there exists a 
recursive function f such that (4; 4 ] <,[Exec(2/, a); 2]. As described in [15, 
pp. 228-230], for all single-tape deterministic Tms M and inputs x to M, a binary 
2-head automaton A{M, x] with exactly one designated accepting state a can be 
constructed effectively such that, for all inputs w, 


(1) A[M, x] enters the state a during its computation on w if w has an initial 
segment which represents the valid computation of M on x; 

(2) A[M, x] fails to enter a designated dead state during its computation on w if w 
represents a nonterminating computation of M on x; and 

(3) A[M, x] enters a designated dead state other than a during its computation of 
M on x otherwise. 


Thus, for all x-#. (M) E & and all inputs w to A[M, x], the automaton 
A[M, x] enters a designated dead state during its computation on w. Moreover, for 
all x-#- (M) E€ &% since there exists a positive integer i that bounds the length of 
any valid computation of M on x, there exists a positive integer k such that, for all 
inputs w to A[M, x], the automaton 4[M, x] halts on w after scanning at most the 
first k characters of w. Thus, for all x-#-(M) € &% A[M, x] € Z and x E L(M) if 
and only if A[M, x] E Exec(/, a). Thus, there exists a recursive function f such 
that [4 ; &] s (Exed, a); Z]. O 


THEOREM 5.3. Let & be the set of all program schemes that are total and have 
exactly two halt statements labeled A and B, respectively. Then 


(1) the decision problem [Exed & , Ay, #) is not recursively time-bounded: and 

(2) for all recursive functions f: N — N, there exists a scheme S € & such that S 
© Exec €, A) but such that any computation of S in which the statement 
labeled A is executed is of length = fU S1). 


PROOF 

(1) The effective construction in [15, pp. 231-233] for translating a binary 2- 
headed automaton into a program scheme simulating its behavior translates an 
automaton M € Æ with designated dead states a, r',..., r” into a total program 
scheme Sy with halt statements labeled a, r', ..., r”, respectively, such that the 
state a of M is executable if and only if the statement of Sj, labeled a is executable. 
By replacing all occurrences of the label a in Sy by A and by replacing all 
occurrences of the labels, r, r’, , 7” in Sy by B, the statement labeled 4 in the 
resulting program scheme is executable if and only if the state a of M is executable. 
Thus, there exists a recursive function f such that [Exec(</, a); 4 { => [Exec( &, 
A), £]. Thus by Propositions 2.7 and 5.2, the problem [Exec( &, A); @] is not 
recursively time-bounded. 
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(2) Otherwise, the decision problem [Exec( &, A); &] would be recursively 
time-bounded contradicting (1). This follows since there is an algorithm to deter- 
mine, for a program scheme S and finite nonempty sequence (A;, ..., Ax) of labels 
appearing in S, if there exists an interpretation Z of S such that the first k statements 
executed during the computation of S under / in order of execution are labeled by 
AL, «++» Ax respectively. O 


Theorem 5.3 implies a variety of undecidability and/or nonrecursive complexity 
results for the classes of schemes mentioned above. The remainder of this section 
consists of examples. 


THEOREM 5.4. Let 7 be the set of total program schemes. Let Z be any set 
of program schemes containing T. Let p be any binary relation on S such that p 
restricted to J is between (=' A o) and =. Then the problem of determining, for 
schemes S and T in Z if S p T is not recursively time-bounded. Moreover, this 
problem is undecidable if the set Y is recursive. 


PROOF. It suffices to show that no such problem is recursively time-bounded. 
For all program schemes SE Z let S’ be the program scheme that results from S 
by replacing the halt statement labeled A by the subscheme 


A.z — h(z). 
C.Halt. 


with a suitable relabeling of statements as necessary where h is a function symbol 
not appearing in S, and z is an output variable of S. Then the program scheme $’ 
is also total. Thus, by assumption both S and S$’ are elements of < If S € 
Exec( & A), then S’ (=' A o)S and, thus S’ p S. If S E Exec(& A) then 
the statement labeled A in S’ is also executable. Thus ~(S’ = S) and, hence, 
~(5’ p S). Thus by Proposition 2.7 and Theorem 5.3, the problem of determining, 
for schemes S and Tin & if S p T is not recursively time-bounded. O 


Theorem 5.4 applies to a variety of the binary relations on classes of program 
schemes studied in the technical literature. To see this, we note the following: 


(1) For total program schemes S and T, S = T if and only if S = T. 
(2) For all program S and T, S =, T if and only if both S and T are total and 
Sm T. 


Thus Theorem 5.4 applies to any class of schemes Y containing 7 and to any 
relation between (= A ø) and = and to æ, Such relations include computational 
identity, isomorphism, strong reducibility [13], strong equivalence, weak reduci- 
bility [13], containment, weak equivalence, and total equivalence. Theorem 5.4 
implies that each such relation is of nonrecursive complexity for the total program 
schemes, for the finitely divergent schemes, and for the synchronous schemes. It 
implies that each such relation is undecidable for the arbitrary program schemes 
and for the program schemes with temporary variables. Thus Theorem 5.4 extends 
the result in [15] that each binary relation between = and = on the set of arbitrary 
program schemes is undecidable. 

A second corollary of Theorem 5.3 for program schemes with temporary vari- 
ables is the following: 


THEOREM 5.5. Let S’ be the set of program schemes with temporary variables 
[16]. Let p be any binary relation on Y’ between = and =. Let So be any 
nondivergent scheme in S’ with at least one designated input and one designated 
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output variable. Then the problem of determining for SE SY’, if S p Sq is 
undecidable. 


Proor. Let p bea binary relation on Y ’ between = and œ. Let Sp be any fixed 
nondivergent scheme in “’. For simplicity, we assume that Sp has only one 
designated input variable w and has only one designated output variable z. Let 
SE & We show how to construct a program TE ©’ from S and Sp determinist- 
ically in polynomial time in | S| + | So{ such that T p So if and only if the statement 
labeled A in S is not executable. By Proposition 2.7 and Theorem 5,3, this implies 
that the problem of determining, for S E 5 ’, if S p So is undecidable. 

Let the variable symbols of S be vı, ..., Ym. Without loss of generality, we 
assume that no variable symbol, function symbol, or predicate symbol appears in 
both S and Sp. We also assume that no label except B appears in both S and So 
and that B is the label of the initial statement of So. Let fi, ..., fn, h be monadic 
function symbols not appearing in S or in So. Let T be the scheme fragment that 
results from S by replacing the halt statement labeled B in S by So and by replacing 
the halt statement labeled A in S by the scheme fragment 


A.z — A(z). 
Halt. 


Let 7 be the program scheme with designated input variable w and designated 
output variable z denoted symbolically by 


1. Vy —fi(). 
2. vo — hw). 


m. n — faw). 
T 


We claim that Ê p So if and only if the statement labeled A in S is not executable. 


Case 1. Suppose the statement labeled A in S is not executable. Then, since S 
is total, for all interpretations /, the statement labeled B in T is executed during 
the computation of 7 under J. Moreover, for all interpretations J, the value of w 
upon termination of the computation of S under 7 equals the value of w upon 
initialization of the computation of S under J. Thus 7 = So and, hence, T p So 


Case 2. Suppose the statement labeled A in S is executable. Then there exists 
an interpretation 7 such that the statement labeled A in S is executed during the 
computation of S under J. Since the program scheme So is nondivergent, there 
exists an interpretation J such that the computation of So under J halts. Let 
Vin» «+ +> Vm, be the initial values of v;, ..., Ym, respectively, specified by J. Let w, 
be the initial value of w specified by J. Let zy be the value of z upon termination 
of the computation of So under J. 

Let K be any interpretation satisfying the following conditions: 


(1) Ax Qe) = Vi - +s mnde W) = Vin 

(2) For all function symbols f and predicate symbols P in S, 
(fx = O) and (P)x = (P). 

(3) For all function symbols g and predicate symbols Q in So, 
(g)x = (8) and (Q)x = (Q)y. 

(4) (A(z) * Zs 
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Then the computations of T under K and of So under K both halt with differ- 
ent values for their designated output variables. Thus ~(T = So) and, hence, 


~(Îp S). O 


Relations p satisfying the conditions of Theorem 5.5 include strong equivalence, 
containment both ways, and weak equivalence. 

Since divergence is undecidable for S’ and since every scheme S in S’ is weakly 
equivalent to and contains each divergent scheme, Theorem 5.5 implies that 


(1) for all Sp E S’, the problems of determining, for S € S’, if S = So or if S C So 
are undecidable, and 

(2) for all So E S’, the problems of determining, for S € S’, if S = So or if SD So 
are decidable if and only if So is divergent. 


Finally we present several examples of decidable decision problems, effective 
procedures, and constructions for the total program schemes, finitely divergent 
schemes, and synchronous schemes from the technical literature that are of 
nonrecursive complexity. 


PROPOSITION 5.6. For all recursive functions f. N — N, there is a total program 
scheme and, thus, a synchronous scheme M such that, if N is any free program 
scheme strongly equivalent to M, then fA MI) = |N]. Thus there is no recursive 
function that bounds above the run time of any effective procedure for translating a 
total program scheme or a synchronous scheme into a strongly equivalent free 
scheme. 


Proor. This proposition follows immediately from (2) of Theorem 5.3 by 
noting that 


(i) a program scheme strongly equivalent to a total program scheme is total, and 

(ii) a program scheme S that is both total and free and such that, for each statement 
a in S, there is a path in S’s underlying flow graph from the start statement ol 
S including a, has no looping in its underlying flow graph. O 


Such effective procedures are known to exist [7, 16, 17]. 

In [14], the concept of a finitely divergent program scheme was introduced and 
it was observed that, for all classes S of finitely divergent program schemes, the 
totality problem for S? is decidable. Again, there is a “catch.” 


PROPOSITION 5.7. There exist classes S of finitely divergent program schemes 
Jor which the totality problem is decidable but is not recursively time-bounded. 


Proor. Let 2 be the class of program schemes obtained from the class & by 
replacing the statement “A.Halt.” by the statement “A.Loop.” Then Z consists 
only of finitely divergent schemes. By Theorem 5.3 the totality problem for 2 is 
not recursively time-bounded. O 


PROPOSITION 5.8. Each of the following decision problems is decidable but is 
not recursively time-bounded: 


(1) the computational identity, isomorphism, and strong equivalence problems for 
the total program schemes; and 

(2) the totality, divergence, containment, and strong equivalence problems for the 
synchronous schemes. 


PROOF 
(1) It is known that, for all total program scheme S, there exists a positive integer 
k such that each computation of S halts after at most k steps [7]. Given that a 
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cheme is total, such a constant can be found effectively. This implies that each of 
hese three problems is decidable. By Theorem 5.4 each of these problems is not 
‘ecursively time-bounded. 

(2) Each of these four problems is known to be decidable [17]. By Theorem 5.4 
he containment and strong equivalence problems for the synchronous schemes 
we not recursively time-bounded. By an argument similar to the proof of Propo- 
ition 5.7, the totality and divergence problems for the synchronous schemes are 
uso not recursively time-bounded. O 


5. Conclusion 


Fhe relationships between decidable decision problems and r.e. separable sets and 
setween recursively time-bounded decision problems and recursively separable sets 
vere presented. A technique for proving that a decision problem is of nonrecursive 
complexity was discussed. This technique entails the efficient reduction of the 
decision problem [4 & ]. 

Three natural decision problems were presented: one for correspondence prob- 
ems and linear cfgs, one for arbitrary cfgs, and one for program schemes. Each of 
hese three decision problems, although decidable, was shown to be of nonrecursive 
complexity. The complexities of these three decision problems were shown to easily 
mply nonrecursive lower bounds on the complexities of wide classes of decision 
sroblems for their respective structures. A number of new nonrecursive lower 
complexity bounds, undecidability results, and relative economy of description 
‘esults were obtained as corollaries. Several decidable decision problems and 
sffective procedures for these structures in the literature were shown to be of 
1onrecursive complexity. 
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